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1. INTRODUCTION 
This paper contains the proofs of results in [13] announced by the author at 
the Nato Conference on Representations of Lie Groups and Harmonic Analysis, 
held at the University of Liage, Belgium, September, 1977. 
We give the structure of the Lie algebra cohomology groups of a semisimple 
Lie algebra with coefficients in the space of K-finite vectors of a discrete series 
representation of the corresponding Lie group G containing K as a maximal 
compact subgroup; see Theorem 3.13. This result depends on the Schmid- 
Wallach lowest K type theorem [9, lo] (Theorem 3.5 of this paper), a weaker 
version of the recently confirmed Blather’s conjecture [6, 91 concerning the 
multiplicity with which an irreducible representation of K occurs in the restric- 
tion of a discrete series representation of G to K. 
We study the HochschildSerre spectral sequence [5] generated by a reductive 
subalgebra k of a Lie algebra g and a g module V in the case when V is infinite 
dimensional, but k finitely semisimple. Formulas for the first- and second-order 
terms Eet, Eet are obtained; these coincide with the known Ho&child-Serre 
formulas in the case when V is finite dimensional; see (2.12). The terms Eet 
formally express a relationship between the full Lie algebra cohomology groups 
H*( g, V) and the relatiwe Lie algebra cohomology groups H*( g, k, V). One 
may then apply the recent results of Bore1 and Wallachl [l], on relative Lie 
algebra conomology, say when g, k are the Lie algebras of G, K and V is a space 
of K-finite vectors in a unitary G module, and the lowest K type theorem, to 
deduce the structure theorem, Theorem 3.13. However the Borel-Wallach 
results are not actually needed to prove Theorem 3.13. The reason for this is 
that, given the lowest K type theorem, the$rst-order terms of the above spectral 
sequence already contain enough information for the computation of full Lie 
algebra cohomology. Thus we give a proof of Theorem 3.13 considerably 
simpler than that outlined in [13]. A s a matter of fact using (2.12) we shall give 
an easy proof of the Borel-Wallach-Zuckerman result; see Theorem 3.19. 
1 These results have also been obtained independently by Greg Zuckerman. 
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Even though I’ is infinite dimensional the groups H*( g, V), H*( g, R, V) are 
always finite dimensional and they need not vanish. Theorem 3.13 shows that 
H*( g, V) depends, interestingly enough, on the topological properties of K. 
We also study the cohomology groups of irreducible cyclic modules generated 
by a highest weight vector; see Section 4 and Theorem 4.15 in particular. Again 
these groups are finite dimensional. Moreover they need not vanish. In contrast, 
Whitehead’s classical theorem states that H*( g, V) = 0 for V a finite-dimen- 
sional nontrivial irreducible g module, g semisimple. 
2. THE HOCHSCHILD-SERRE SPECTRAL SEQUENCE 
Let g be a Lie algebra and let V be a g module, possibly infinite dimensional. 
Then there is the standard cochain complex {P(g, I’), djn where P(g, V) is 
the space of n alternate linear maps from g x ... x g to V and d: cl*(g, I’) -+ 
Anfl(g, V) is given by 
(2.1) 
for f E /l”(g, V), xi E g. We define rlO(g, V) = V and /l”(g, V) = 0 for n < 0. 
One has d2 = 0 and the corresponding Lie algebra cohomology groups ker d/ 
dim d are denoted by Hn(g, V). We now set 
C” = LP(g, V). (2.2) 
Now suppose K Cg is a subalgebra. Then K defines a decreasing filtration 
~FPW,& = integers of Cn, given as follows: 
F,C” = C” if p<O 
F,Cn = 0 if 1 < p, p > n. 
(2.3) 
F&n = (f 6 Cn 1 f (xi ,..., x,) = 0 whenever n - p + 1 of the variables xi E R} 
if1 <p,(n.Onehas 
dF,P C F,,C”+l and x - FDCn C F,C” (2.4) 
for p, 12 in 2 and x in K, where C* has the g module structure given by 
(x *f&i ,a**> x,) = x -f (Xl ,...) x,) - iIf@, ,...> [x, xi],..., x,) (2.5) 
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c= c @CT@ (direct sum), 
9EZ 
it follows that C has a decreasing filtration {C9}epz, where 
P-6) 
C, = c F,C”, d&CC,, PEZ, (2.7) 
?&EZ 
and that this filtration is compatible with the grading of C. Thus k generates a 
spectral sequence {EFq which computes H*(g, V), the Hochschild-Serre 
spectral sequence; see [5]. 
Now the space P(g/k, V) f o 7t alternate linear maps from g/k x *a. x g/k 
to V is easily identified with F,Cn, 7t > 0. Thus by (2.4) An(g/k, V) has a k- 
module structure. Moreover the subspace of k invariants is 
dn(g/k, V)3k = Hom,&@g/k, V) = A”(g, k, V) (2.8) 
which is the space of relative cochains and one has 
EF = P(k, A”(g/k, V)). (2.9) 
If g is finite dimensional and the underlying base field has characteristic zero, 
then Hochschild and Serre also prove: 
THEOREM 2.10. Suppose that k is a reductive subalgebra of g, that V is 
finite-dimensional, and that V is semisimple as a k module. Then 
E1” = P(k) @ A’(g, k, V), 
Ep = Ha(k) @ H”(g, k, V). 
We wish to generalize Theorem 2.10 to cover certain infinite-dimensional g 
modules V that occur in unitary representation theory, for example, the space 
of K-finite vectors, and also to cover the case when V, again infinite dimensional, 
is a cyclic module generated by a highest weight vector, say, for g a complex 
semisimple Lie algebra and k a Cartan subalgebra of g. For this we need that A is 
reductive in g; i.e., as a k module under the adjoint action g is semisimple. It 
follows that k is reductive. The required generalization of Theorem 2.10 is the 
following: 
THEOREM 2.11. Suppose that g is finite dimensional over a base jield of charac- 
teristic zero. Let k C g be a subalgebra which is reductive in g and let V be a‘ g 
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module (possibly infinite dimensional) such that V = C, @ V, (direct sum) where 
each V, C V is k invariant, finite dimensional, and k semisimple. Then the Jirst- 
and second-order terms of the Hochschild-&rye spectral sequence generated by k are 
given by 
Ey = H’(k) @ A”(g, k, V), 
(2.12) 
Ep = Ha(k) @ H’(g, k, V), 
just as in the finite-dimensional case. 
Proof. Set 
4glk V, = if E 4g/k, V) I f(g/k x -*a x g/k) C V,) 
N Aj(g/k, V,,). (2.13) 
Then D(g/k, V), is finite dimensional and 
fl%dk, V = C 0 Nglk, VI, . 
Y 
(2.14) 
Now &(g/k, V), is k semisimple since g/k, V, are finite dimensional, and k 
semisimple. Thus D(g/k, V) is k semisimple. Similarly Aj(g, V) is k semisimple. 
Thus we can write 
Ark, V) = flj(g, k, V) 0 W, 
(2.15) 
@(g/k V) = kAj(g/k, V) @ Aj(g/k, V)q 
where WC &(g, V) is a k submodule. Now 
kD(g/k, V) = 1 @ kB(g/k, V), . 
Y 
(2.16) 
Since kAj(g/k, V), is finite dimensional and since (kB(g/k, V),)” = 0 
Hi(k, k&(g/k, V),) = 0 for every i, y  (2.17) 
by Theorem 10 of [5], k being reductive. Then (2.15)-(2.17) imply 
Hi(k, B(g/k, V)) N Hi(k) # Aj(g/k, V)B, (2.18) 
since Aj(g/k, V)” is a trivial k module, and (2.8), (2.9), and (2.18) imply the 
first statement of (2.12). Now given the first statement of (2.15), the proof of 
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Theorem 11 of [5] goes through word for word. One thus sees that the diagram 
Hi@) 0 A3(g, k V) - Eji 1 
(-1‘ ma 1 1 d (2.19) 
3+1i Hi(h) @ Lv+yg, h, V) - El 
is commutative where the horizontal arrows denote isomorphisms. (2.19) 
implies the second statement of (2.12). 
3. COHOMOLOGY OF DISCRETE SERIES REPRESENTATIONS 
Let G be a connected linear semisimple Lie group with a simply connected 
complexification. Let K C G be a maximal compact subgroup. We assume that 
K contains a Cartan subgroup H of G. Ha&h-Chandra shows that the condition 
that G has irreducible unitary representations whose matrix coefficients are 
square integrable coincides exactly with the existence of such an H. We denote 
by E,(G) the set of equivalence classes of such representations (called discrete 
series representations). Let g, K, h denote the complexifications of the Lie 
algebras g, , k, , h, of G, K, H, respectively. Let ( , ) denote the Cartan- 
Killing form on g. Let A, A, be the root systems of (g, h), (k, h), respectively, 
and let W, W, be the corresponding Weyl groups. If Z denotes the center of 
the universal enveloping algebra U = U(g) of g, then there corresponds to 
each A in the dual space h* of h a distinguished (Harish-Chandra) homomorphism 
xn of Z. Recall that xA is constructed as follows. Given a choice of positive 
roots A+, let n* denote the direct sum of the & (one dimensional) root spaces of g. 
Then the decomposition 
Q!) = U(h) @ (n-U + un+) (3.1) 
defines a projection y : U(g) + U(h), and xA is given by 
(3.2) 
for z E Z. On the other hand xA is independent of the choice A+. 
The discrete series classes E,(G) are parametrized by the linear forms A E h* 
on h which are integral and regular; i.e., 2(A, 4)/(01,01) is an integer and (A, a) # 0 
for every 01 in A. More precisely, one has the following profound theorem of 
Harish-Chandra [2]. 
THEOREM 3.3. Let A E h* be integral and regular. Then there exists a class 
[vr,J in E,(G) with injinitesimal character X~ . All discrete series classes arise this 
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way and one has equality of two classes say [rrA,], [rAz] if and only if sA, = A, 
for some s in W, . 
Now suppose that A E h* is integral and regular. Set 
P = {aEd I (A, a) > O}, Pk = PnA,, 
(3.4) 
VU = irreducible K module with highest weight p if p is Pk dominant integral. 
We shall need the following crucial result. Independent proofs are due to 
Schmid [9] and Wallach [lo]. 
THEOREM 3.5 (Lowest K type theorem). Let HA E E,(G) be a discrete series 
module corresponding to an integral regular form A E h*; see Theorem 3.3. Let 
P, 6, 6, , V, be as in (3.4). Then 
(a) A + 6 - 26, is Pk dominant integral and dim Horn& V,+,-,,k , HA) = 1. 
(b) If  HomdV, y  HA) # 0, then p = A + 6 - 26, + Q where Q is a sum 
of elements of P. 
Let g, = k, + p, be a Cartan decomposition of g,: 
p, = (x Ego 1(x, y) = 0 for ally in Fz,}. (3.6) 
Letp be the complexification of p, . Then flip is an H module with weights of the 
form 26, - Q where Q is a sum of elements in P, = (A - A,) n P, 6, = 
S - 6, . Moreover, Q = 0 if and only if i = 4 dim G/K and 2S, has multiplicity 
one. Let F be an irreducible finite-dimensional G module with highest weight 
A - 6 relative to P. Then A - 6 is a weight of multiplicity one and all other 
weights of F relative to H have the form A - 6 - Q is a sum of elements of P. 
The weights of (A”p) #Fare thus of the form 26, + A - 6 - Q with Q a sum 
of elements of P and 26, + A - 6 occurs with multiplicity one in (A + dimoIKp) OF. 
In particular, the highest K weight of an irreducible K component of (BP) @F 
has the form 26, + A - 6 - Q = A + 6 - 26, - Q. These considerations 
along with the application of Theorem 3.5 lead to 
COROLLARY 3.7. Let A, P, S, p be as above. Let HA0 be the (U(g), K) module 
of K-finite vectors in HA . Let F be a finite-dimensional irreducible G module with 
highest wetght A - 6 relative to P. Then HomK((Aip) OF, H,O) = 0 for i # 
4 dim G/K and Hom,((A*dtmGIKp) OF, HAo) is one dimensional. 
I f  FI is any finite-dimensional G module, then the g module HA0 @F, is k 
finitely semisimple so that Theorem 2.11 applies. The E, term of the Hoch- 
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schild-Serre spectral sequence generated by k is associated to H*(g, HA0 @ FJ 
and according to (2.8) and (2.12) 
Ep = H’(k) @ Homk((Atp) OF,*, H,‘). (34 
Take FI = F* above and set q. = 4 dim G/K. Then by Corollary 3.7 
E4’j = 0 for i # q. 
Ey = Hi(k) for every j. 
It follows that for every j 
@(g, HA0 QF*) = @*-’ = Hi-“(k), 
(3.9) 
(3.10) 
given that the highest weight of F is A - 6. 
On the other hand from general principles one has 
Hi(g, HA0 @F*) = E x t&,(F, H,‘) = 0 (3.11) 
for all j unless the infinitesimal characters of F, H,o coincide. For example see 
[l, Chap. 1, Sect. 41. In the present situation this means that if FI is a finite- 
dimensional G module with highest weight u relative to P, then 
Hi(g, HA0 OF,*) = 0 ’ for every j (3.12) 
unless A = o + 6. (3.10) and (3.12) now imply the following structure theorem. 
THEOREM 3.13. Let G C Gc be a connected linear semisimple Lie group whose 
complexifcation Go is simply connected. Let K C G be a maximal compact subgroup. 
Assume that K contains a Cartan subgroup H of G so that E,(G) # O. Let g, k, h 
be the complexi$ed Lie algebras of G, K, H. Let A E h* be an integral, regular 
element as above, P the corresponding system of positive roots given in (3.4), 6 = 
4 COOP 01, and let HA0 be the (g, k) module of K-finite vectors in the discrete series 
G module given by Theorem 3.3. Let F be a fznite-dimensional G module with 
highest weight a relative to P. Then the Lie algebra cohomology groups of g with 
coeficients in HA0 @ F* are given as follows. 
(i) W(g, HA0 @F*) = 0 for every j 
unlessA=o+-6. 
(ii) If A = o + S, Hi(g, HA0 @F*) = H’-“(k) = (j - q)th-dimensional 
Deem cohomology of K, for every j, where q = 4 dim G/K. If A = u + 8, 
then in particular H*(g, HA0 Q F*) = 0 unless q < j < dim K + q. 
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The relative Lie algebra cohomology groups HQ, K, HA0 OF*) can also be 
computed now rather easily. One has 
Eij = ker(@ -% Ei+l*i) 
2 
dEi-l*j 
Suppose CT = fl - S. Then by (3.9) and (3.14) 
,$O = 0 for i # q. (3.15) 
That is, by (2.12), for o = fl - 6 
Hi(g, k, HA0 @F*) = E;.’ = 0 for i # q. (3.16) 
Also (3.9) and (3.14) imply 
H’(g, k, HA0 OF*) = I$0 = E;s” = C. (3.17) 
Now suppose o # (1 - 6. Then as in (3.11) 
Hj(g, k, HA0 OF*) = 0 for every j. (3.18) 
Combining (3.16)-(3.18) we obtain 
THEOREM 3.19 (Wallach and Zuckerman). Using the notation of Theorem 
3.13 the structure of the relative Lie algebra cohomology groups Hj(g, k, HA0 @F*) 
is as follows. 
(i) Hj(g, k, HA0 @F*) = 0 for every j unless A = 0 + 6. 
(ii) If fl = u + 6, then Hj(g, k, HA0 @F*) = 0 unless j = q = + dim G/K 
and the space Ht(g, k, HA0 OF*) is one dimensional. Cf. [I, Theorem 5.13, 
Chap. 81. 
In the special case when G/K has a G invariant complex structure the K-finite 
vectors HA0 in holomorphic discrete series representations of G have the structure 
of a generalized Verma module. Theorem 3.13 encompasses results obtained in 
[12] by the methods of [g, 111. In general HA0 is an Enright-Varadarajan module; 
cf. [3, 9, IO]. 
4. COHOMOLOGY OF IRREDUCIBLE CYCLIC MODULES 
In this section g will be any complex semisimple Lie algebra and h a Car-tan 
subalgebra. Let d be the root system of (g, h) and let d+ be a choice of positive 
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roots. Given X E h there exists an irreducible (infinite-dimensional) cyclic g 
module V(X) with highest weight X relative to d+. 
WI = c 0 Jw, 9 p = a weight, p E h*, (4.1) 
u 
where each weight space V(A), is Jinite dimiml and dim V(X), = 1. Each 
weight p has the form 
p=x- c RX% n, E z+. (4.2) 
aeA+ 
Again let 6 = izEti+ OL and let W be the Weyl group of (g, h). V(h) has infini- 
tesimal character xh whose value on the Casimir element C in Z the center of 
the universal enveloping algebra U(g) of g is given by 
Xh(C) = I x + 8 I2 - IS I”. 
As in the finite-dimensional case one has 
(4.3) 
qg, q’(h)) = 0 for every j (4.4) 
unless xn(C) = 0. By (4.3) one has 
XI\(C) = 0 if and only if h + 6 = a8 (4.5) 
for some 0 in W. We consider the special case when h satisfies 
0 + 8, 4 < 0 for every ol E A+. (4.6) 
If (4.5) holds, then (4.6) holds if and only if X = -28. Indeed (4.5) and (4.6) 
imply that for every ol E A+, u-l01 E A- since 0 p (08, a) = (6, u-la); i.e., a is the 
“big” Weyl group element satisfying a8 = -8. Thus h = -26. Let 
n= c &7 n- = ,;+&a (4.7) 
asA+ 
where g, is the (one-dimensional) root space for y in A. Then 
g=h@n@n- (4.8) 
is the root space decomposition of g. 
PROPOSITION 4.9. Hom&P(n @ n-), V(-26)) = 0 unless j = dim n. The 
space Hom,(/lamn(n @ n-), V(-2s)) is one dimensional. 
Psoof. The weights of D(n @ n-) relative to h are of the form -26 + Q 
where Q is a sum of elements in A+. Moreover, Q = 0 if and only if(i) j = dim n 
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and (ii) multiplicity of -26 equals one. Now if -26 + Q is a weight of I’(-2S), 
then by (4.2), Q = 0. 
Note that Proposition 4.9 is somewhat analogous to Corollary 3.7. By (4.1) 
g, h, V(‘(h) satisfy the conditions of Theorem 2.11. Hence H*(g, V(A)) can be 
computed by a spectral sequence for which (by (2.12)) 
where 
Eii = H”(h) @ k(g, h, V((h)), (4.10) 
Aj(g, h, V(h)) = Hom&lj(n @ n-), V(‘(h)) (4.11) 
by (2.8) and (4.8). For /\ = -26, Proposition 4.9 and (4.10) and (4.11) imply 
E:‘i = 0 for j # dim n 
Edimni = p(h) 
1 for every i. 
(4.12) 
It follows that for q,, = dim n 
Hj(g, 77(-26)) = Eq’+qo = H-‘(h) (4.13) 
for every j. Since h is Abelian the coboundary operator d in (2.1) for the trivial 
module @ is the zero operator. That is, 
Hi(h) = (Ajh)* for every j. (4.14) 
Summarizing we have proved 
THEOREM 4.15. Let g be a complex semisimple Lie algebra, h a Cartan sub- 
algebra of g, A the root system of (g, h), A+ a system of positive roots, and 6 = 
a zcd+ CY. Given h E h*, let V((h) be the unique irreducible cyclic g module with 
highest weight h relative to A+. Assume that h satisfies 
(A + 6, 4 < 0 for every a in A+. (4.16) 
Then 
(i) Hj(g, V(‘(h)) = 0 for every j unless h = -2s. 
(ii) Hj(g, V(-26)) = (A’- h) f 3 P * or every j where p = number of positive 
roots. In particular Hi(g, V(-26)) = 0 unless p ,< j ,< p + dim h. 
As an example let M(h) = U(g) @oca) CA be the Verma module induced by a 
one-dimensional representation C, of b = h + n (see (4.7)) corresponding to 
h E h*. M(h) is irreducible if and only if 
“‘ya”; 4 4 {I, 2, 3,4 )... } for all olgA+,, 
, 
(4.17) 
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see [4]. Again P(g, M(X)) = 0 f  or every j unless X = 08 - 6 for some u E W = 
Weyl group. Assume that &f(X) is irreducible; then M(X) = V(X). Condition 
(4.17) implies that uo1 ELI- for every 01 E A+ so that X = -28. Thus Theorem 
4.15 recovers results obtained in [l l] by entirely different methods. Condition 
(4.16) is analogous to the (slightly stronger) Harish-Chandra condition (3.4) 
in [12] for the existence of nonzero square integrable holomorphic sections of a 
distinguished holomorphic vector bundle EA over a Hermitian space G/K. 
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